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Hamiltonian vector fields on almost symplectic
manifolds
by
Izu Vaisman
ABSTRACT. Let (M,ω) be an almost symplectic manifold (ω is a non de-
generate, not closed, 2-form). We say that a vector field X of M is locally
Hamiltonian if LXω = 0, d(i(X)ω) = 0, and it is Hamiltonian if, furthermore,
the 1-form i(X)ω is exact. Such vector fields were considered in [4], under
the name of strongly Hamiltonian, and a corresponding action-angle theorem
was proven. Almost symplectic manifolds may have few, non-zero, Hamilto-
nian vector fields or even none. Therefore, it is important to have examples
and it is our aim to provide such examples here. We also obtain some new
general results. In particular, we show that the locally Hamiltonian vector
fields generate a Dirac structure on M and we state a reduction theorem of
the Marsden-Weinstein type. A final section is dedicated to almost symplectic
structures on tangent bundles.
1 Introduction
All the objects that we consider are assumed to be C∞-smooth and we follow
the usual notation of differential geometric literature [5].
The classical framework of Hamiltonian dynamics is a symplectic mani-
fold (M2n, ω), where ω is a non degenerate, closed 2-form [7, 8]. This frame-
work was also extended to Poisson and Dirac manifolds [2] and to similar
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structures on Lie algebroids [1]. In all these cases an integrability condition
that generalizes the closure of the symplectic form plays an essential role.
In [4], the authors extend an important theorem of Hamiltonian dynam-
ics, existence of action-angle coordinates, to almost symplectic manifolds
(M2n, ω), where the 2-form ω is still non degenerate but not closed. I have
no knowledge neither of earlier studies of Hamiltonian fields on almost sym-
plectic manifolds nor of further developments, which, probably, is due to the
fact that almost symplectic manifolds may have very few suitable Hamilto-
nian vector fields (called strongly Hamiltonian in [4]), if at all; in [4] there are
no concrete examples beyond the general action-angle coordinates expression
of the 2-form ω.
Nevertheless, some almost-symplectic manifolds may carry interesting
Hamiltonian fields. The aim of this note is to give such examples as well
as some new general results concerning Hamiltonian vector fields on almost-
symplectic manifolds. The latter results include the existence of a Dirac
structure generated by locally Hamiltonian vector fields and a Marsden-
Weinstein reduction theorem.
2 Definitions and general results
We define a suitable notion of Hamiltonian vector field of an almost sym-
plectic manifold as follows.
Definition 2.1. Let (M2n, ω) be an almost symplectic manifold. A vector
field X on M will be called a Hamiltonian vector field if
(2.1) LXω = 0, i(X)ω = −df (f ∈ C
∞(M)),
where L is the Lie derivative.
In [4] the vector fields that satisfy (2.1) were called strongly Hamiltonian.
We will say that X is the Hamiltonian vector field of f and denote X = Xf .
The function f is a Hamiltonian function of X and it is defined up to a
constant. It follows easily that, if f, h ∈ C∞(M) are Hamiltonian functions
with Hamiltonian fields Xf , Xh, the vector field
Xfh = fXh + hXf
2
is a Hamiltonian vector field with the product fh as a Hamiltonian func-
tion. The algebra of the Hamiltonian functions on M (with usual functions
product) will be denoted by H(M,ω).
Conditions (2.1) imply di(X)ω = 0. Accordingly, a vector field X such
that
(2.2) di(X)ω = 0, LXω = 0
will be called a locally Hamiltonian vector field. Due to the classical formula
LX = di(X) + i(X)d, conditions (2.2) may be replaced by
(2.3) di(X)ω = 0, i(X)dω = 0.
In the symplectic case dω = 0 and we regain the classical definitions.
Some of the well known symplectic properties hold in the general case too.
For two locally Hamiltonian vector fields X, Y , the commutation formula
i([X, Y ]) = LXi(Y )− i(Y )LX
yields
i([X, Y ])ω = −d(ω(X, Y )).
Therefore, [X, Y ] is a Hamiltonian vector field with Hamiltonian function
ω(X, Y ). Furthermore, for f, h ∈ H(M,ω), we get a skew-symmetric bracket
(2.4) {f, h} = ω(Xf , Xh) = Xfh = −Xhf,
such that
X{f,h} = [Xf , Xh].
Definition 2.2. A vector X0 ∈ Tx0M , x0 ∈M , will be called a Hamiltonian
tangent vector if there exists a locally Hamiltonian vector field X defined on
an open neighborhood of x0 such that X(x0) = X0. A submanifold N ⊆ M
such that all its tangent vectors are Hamiltonian will be called a Hamiltonian
submanifold.
We will denote by Hx0M ⊆ Tx0M the real linear subspace of Hamilto-
nian tangent vectors at x0. In the symplectic case Hx0M = Tx0M but, in
the general case non-Hamiltonian tangent vectors may exist. By (2.3), the
condition i(X0)(dω)x0 = 0 is a necessary condition for X0 ∈ Hx0M , which,
however, may not be sufficient. A better result is given by
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Proposition 2.1. The vector X0 ∈ Tx0M is a Hamiltonian tangent vector
iff the system of partial differential equations
ωij(dω)ihk
∂f
∂xj
= 0,
where (xj) are local coordinates around x0, has local, differentiable solutions
f(xj) such that
∂f
∂xi
∣∣∣∣
x0
= ωij(x0)ξ
j
0, X0 = ξ
j
0
∂
∂xj
∣∣∣∣
x0
.
Proof. The required initial conditions ensure that X = ♯ωdf is an extension
of X0 such that d(i(X)ω) = 0 and the system of equations is the expression
of the condition i(X)dω = 0.
The necessary condition i(X0)(dω)x0 = 0 implies
(2.5) dω(Xx0, Yx0, Zx0) = 0, ∀Xx0 , Yx0, Zx0 ∈ Hx0M,
therefore, if ι : N →֒ M is a Hamiltonian submanifold, dι∗ω = 0. Further-
more, (2.5) implies the Jacobi identity for the bracket (2.4), hence, (2.4)
is a Poisson bracket that defines a Poisson algebra structure on the subset
H(M,ω) of Hamiltonian functions.
Following is a more significant result
Theorem 2.1. The field of planes HxM (x ∈ M) is a generalized foliation
H, which, together with the restrictions of ω to the leaves of H produces a
Dirac structure Dω on M .
Proof. The distribution H is locally spanned by the Lie algebra of locally
Hamiltonian vector fields, hence, it is differentiable. Any ω-preserving dif-
feomorphism of M sends a locally Hamiltonian field to a locally Hamiltonian
field. In particular this is true for the flow of a locally Hamiltonian field,
whence we get dimHexp(tX)(x) = const. Under these conditions, H is known
to be integrable (e.g., Theorem 2.9”, [11]). Obviously, the leaves of H are
Hamiltonian submanifolds and any connected Hamiltonian submanifold is
contained in a leaf of H .
By results of [2], the integrability of H and (2.5) ensure that the field of
subspaces of TM ⊕ T ∗M defined by
(2.6) Dω(x) = {(X, ♭̟xX + ν) /X ∈ Hx, ν ∈ annHx},
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where x runs in M , ̟x is the restriction of ωx to the leaf of H through x
and ♭̟X is a leaf-wise form, is a Dirac structure [2].
On an almost symplectic manifold (M2n, ω) the following operators play
an important role
Λ = i(ω−1), δ = ⋆d⋆, ⋆ν = [i(♯ων)ω
n]/n! (ν ∈ Ωk(M))
(i denotes contraction by a multivector, ω−1 is the inverse bivector of ω and
♯ω = ♭
−1
ω ,where ♭ω is defined on vector fields by ♭ωX = i(X)ω)). The forms ν
such that Λν = 0 (in particular, all 0-forms and 1-forms) are called primitive
or effective and any form can be presented by means of ω and of primitive
forms (the Lepage decomposition [7]).
The following proposition gives a characterization of Hamiltonian fields
on almost symplectic manifolds.
Proposition 2.2. For any almost symplectic manifold (M2n, ω) one has
(2.7) dω = σ ∧ ω + ψ, σ =
1
n− 1
δω,
where ψ is primitive and vanishes for n = 2. A vector field X on M is locally
Hamiltonian iff
(2.8) σ(X) = 0, σ ∧ (i(X)ω)− i(X)ψ = 0, di(X)ω = 0.
A function f ∈ C∞(M) is a Hamiltonian function iff
(2.9) (♯ωσ)f = 0, σ ∧ df + i(♯ω(df))ψ = 0.
Proof. Formula (2.7) is known [6, 7]). The first condition (2.3) is included in
(2.8) and via (2.7) the second condition (2.3) becomes
σ(X)ω − σ ∧ (i(X)ω) + i(X)ψ = 0.
By applying Λ to the above and since ψ is a primitive form, we get (n −
1)σ(X) = 0 and (2.8) is proven. Then, taking X = −♯ω(df) we get the
conclusion for Hamiltonian functions.
Corollary 2.1. If n ≥ 3, ψ = 0 and σ 6= 0 on a dense subset of M , then,
σ is closed and a function f defined on a neighborhood where σ = dt is
Hamiltonian on that neighborhood iff f = f(t).
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Proof. The fact that n ≥ 3 and ψ = 0 imply dσ = 0 is known and shows
that M is a locally conformal symplectic manifold (e.g., [7]). The second
condition (2.9) reduces to σ ∧ df = 0 and it implies the first condition (2.9)
because it implies that σ is proportional to df wherever df 6= 0. Thus, f is
Hamiltonian iff σ ∧ df = 0 and our hypotheses yield df = sσ = sdt for a
function s ∈ C∞(M). This implies the required conclusion.
Remark 2.1. The conclusion of Corollary 2.1 also holds for n = 2 if dσ = 0
is added to the hypotheses. Corollary 2.1 shows that the locally conformal
symplectic manifolds have few Hamiltonian functions and all the Poisson
brackets are zero.
We end this section by refereing to Marsden-Weinstein reduction theory
in the almost symplectic case, while assuming that the reader is familiar with
the corresponding theory on symplectic manifolds (e.g., [7, 8]).
We follow our paper [13], where the interest was in the para-Hermitian
case. The wording of the definition of Hamiltonian actions and equivariant
momentum maps is the same as in symplectic geometry but, the notion of
a Hamiltonian vector field is that of the almost symplectic case. Obviously,
the orbits of a Hamiltonian action are Hamiltonian submanifolds.
Assume that we have a Hamiltonian action of the Lie group G on the
almost symplectic manifold (M,ω) that has an equivariant momentum map
Φ : M → g∗, where g∗ is the dual of the Lie algebra of G. Let θ ∈ g∗ be a non
critical value of Φ and N = Φ−1(θ) be the corresponding Gθ-invariant, level
submanifold ofM , where Gθ is the isotropy subgroup of θ under the coadjoint
action of G. For x ∈ N , we will denote by G(x), Gθ(x) the G, respectively
Gθ, orbit of x. Then, N ∩G(x) = Gθ(x) and (like in the symplectic case [7])
TxN ⊥ω Tx(G(x)), therefore, K = ker(ι
∗ωx) = TxN ∩ Tx(G(x)) = Tx(Gθ(x))
(ι : N →֒ M).
Theorem 2.2. With the notation above enabled, if the action of Gθ on N is
free and proper, there exists a reduced quotient manifold Q with the projection
q : N → Q and with a reduced almost symplectic structure ̟ such that
q∗̟ = ι∗ω.
Proof. Since the action of G is free and proper, the set of the Gθ-orbits of the
points of N is the required quotient manifold Q and we have the projection
q : N → Q. Furthermore, we see that the subbundle K is tangent to the
foliation K of N by the connected components of the Gθ-orbits. It follows
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that the local cross sections of K are spanned by Hamiltonian vector fields
and LXω = 0, ∀X ∈ ΓK. The same vector fields X ∈ ΓK satisfy i(X)ω = 0
because K = ker(ι∗ωx). These two facts ensure the existence of the reduced
2-form ̟ on Q. Moreover, K = ker(ι∗ωx) implies the non degeneracy of
̟.
3 Examples of Hamiltonian vector fields
In this section we give examples of Hamiltonian functions and vector fields
on almost symplectic, non-symplectic manifolds.
Example 3.1. Assume that the almost symplectic manifold (M,ω) has a
locally product structure defined by the foliations F1,F2 with the local equa-
tions xi = const., yk = const., respectively, and that
ω = ω1 + ω2, ω1 =
1
2
ϕij(x)dx
i ∧ dxj, ω2 =
1
2
ψkh(y)dy
k ∧ dyh,
where ω1 is an almost symplectic form in the coordinates (x
i) and ω2 is a
symplectic form in the coordinates (yk) (i.e., dω2 = 0). Then, the function
f(xi, yk) is a Hamiltonian function onM iff it is ω1-Hamiltonian as a function
of (xi) and the Hamiltonian vector field of f on M is the sum of its ω1-
Hamiltonian field with its ω2-Hamiltonian field.
Example 3.2. [13] Take
M = {(x1, x2, x3, x4) / x1 > 0, x2 > 0} ⊆ R4
and
ω = x1dx2 ∧ dx3 + x2dx1 ∧ dx4.
This is a globally conformal symplectic manifold where
σ = d(ln(x1x2)), ψ = 0.
Hence, by Corollary 2.1, the Hamiltonian functions are the functions f(t),
t = x1x2. The Hamiltonian vector field of such a function is
Xf =
∂f
∂t
(
∂
∂x3
+
∂
∂x4
)
.
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The Dirac structure (2.6) of the present example is generated by cross
sections of the form
Dω = {(h
(
∂
∂x3
+
∂
∂x4
)
, ν1dx
1 + ν2dx
2 + ϕ(dx3 − dx4))}
where h, ν1, ν2, ϕ ∈ C
∞(M). In particular, we see that the notions of ω-
Hamiltonian function and Dω-Hamiltonian function in the sense of [2] are dif-
ferent. Indeed, for any function l(x1, x2, x3, x4) such that ∂l/∂x3 = −∂l/∂x4
we have
(h
(
∂
∂x3
+
∂
∂x4
)
, dl) ∈ Dω
and l is a Dω-Hamiltonian function, while it may not be ω-Hamiltonian.
The Abelian group G = R has the following action on M :
x˜1 = x1, x˜2 = x2, x˜3 = x3 + a, x˜4 = x4 + a (a ∈ R).
The corresponding infinitesimal action of the natural basis of the Lie algebra
R of G is the vector field ∂/∂x3+∂/∂x4. Therefore, the action is Hamiltonian
and has the equivariant momentum map
Φ(x1, x2, x3, x4) = x1x2.
Every value t > 0 ∈ R is non-critical for Φ with the level manifoldN = Φ−1(t)
defined in M by the equation x1x2 = t(= const.) On N , we have the global
coordinates x1 > 0, x3, x4 and, if we denote ι : N →֒M , then
ι∗ω = −
dx1
x1
∧ (dx3 − dx4).
This also is the expression of the reduced form ̟ of the quotient manifold
Q of N by the orbits of the restriction of G = R to N . More exactly, (Q,̟)
is symplectomorphic with the plane (R2, du ∧ dv) by u = ln x1, v = x4 − x3.
Example 3.3. On the manifoldM of Example 3.2 take the almost symplectic
form
θ = dx1 ∧ dx2 + dx1 ∧ dx3 + x1x2dx3 ∧ dx4.
Then,
dθ = x1dx2 ∧ dx3 ∧ dx4 + x2dx1 ∧ dx3 ∧ dx4
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and the vector fields that satisfy the condition i(X)dθ = 0 are given by the
formula
X = f
(
x1
∂
∂x1
− x2
∂
∂x2
)
.
But, the condition d(i(X)θ) = 0 holds only for f = 0. Therefore, no non-
zero locally Hamiltonian vector fields exists. In particular, at any point of
M , there are vectors that satisfy the necessary condition of a Hamiltonian
tangent vector but they are not such. Notice that for the 2-form θ, (2.7)
holds with
σ =
dx1
x1
+
dx2
x2
+
dx3
x2
, ψ = 0,
where dσ 6= 0.
Example 3.4. Take M˜ = M ×R2n−4 with the non degenerate 2-form
ω˜ = ω + ex
3x4(
n−2∑
h=1
dyh ∧ dyn−2+h),
where M and ω are those defined in Example 3.2 and ys are the natural
coordinates on R2n−4. Then,
dω˜ = d(x3 − x4) ∧ dx1 ∧ dx2 + ex
3x4d(x3x4) ∧ (
n−2∑
h=1
dyh ∧ dyn−2+h)
and the only vector field
X =
4∑
i=1
ξi
∂
∂xi
+
2n−4∑
k=1
ηk
∂
∂yk
that satisfies the condition i(X)dω˜ = 0 is X = 0. Hence, (M˜, ω˜) has no
nonzero, locally Hamiltonian vector fields and no non-constant Hamiltonian
functions.
But, following Example 3.1, if we replace ω˜ by
ω¯ = ω +
n−2∑
h=1
dyh ∧ dyn−2+h,
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any function of the form f(t, y1, ..., y2n−4) (t = x1x2) is Hamiltonian and its
Hamiltonian field is
Xf =
∂f
∂t
(
∂
∂x3
+
∂
∂x4
)
+Xyf
where Xyf is the Hamiltonian field of f with respect to the canonical sym-
plectic form of R2n−4.
Example 3.5. It is known that the manifoldM = G1×G2, where G1 = G2 =
G is a Lie group endowed with a left-invariant pseudo-Riemannian metric γ,
has a canonical para-Hermitian structure (e.g., [3]). The fundamental form
of this structure is an almost symplectic structure on M that may be defined
as follows.
Put
π1(g1, g2) = g1, π2(g1, g2) = g2, ι1(g) = (g, e), ι2(g) = (e, g),
where e is the unit of G and, generally, attach the index 1, 2 to images by
π1, ι1, π2, ι2 of objects of G. Then, let (Yi), (ω
i) be a basis of left invariant
vector fields and the dual basis of left invariant forms of G. The announced
almost symplectic structure is
ω = γijω
i
1 ∧ ω
j
2, γij = γ(Yi, Yj) = const.
Using the Cartan equations
dωi =
1
2
(cijkω
k ∧ ωj)
where cijk are the structure constants of the Lie algebra g of G, it follows
that dω = 0 iff the group G is Abelian, hence, if G is not Abelian, (M,ω) is
a non-symplectic, almost symplectic manifold.
Now, consider a vector field of the form
Z = X1 +X2 = ξ
iYi1 + ξ
iYi2,
where X = ξiYi, ξ
i = const. is a left invariant vector field on G.
A straightforward calculation gives
i(Z)ω = γij(ξ
iωj2 − ξ
jωi1), di(Z)ω =
1
2
γij(ξ
icjhkω
h
2 ∧ ω
k
2 − ξ
jcihkω
h
1 ∧ ω
k
1),
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therefore, di(Z)ω = 0 iff γijξ
icjhk = 0. The meaning of this condition is that
the element X of the Lie algebra g of G that defines the vector filed Z must
be γ-orthogonal to the derived algebra [g, g].
The second condition required for Z to be locally Hamiltonian is i(Z)dω =
0 and may also be expressed using the Cartan equations. A straightforward
examination of the result shows it to be equivalent with the following global
property
γ(adX(U), V ) + γ(U, adX(V )) = 0, X, U, V ∈ g,
which is further equivalent to LXγ = 0, where X and γ are seen as left
invariant tensor fields on G and L is the Lie derivative.
The conclusion is that X ∈ g defines a locally Hamiltonian vector field
Z = X1+X2 on M iff X is γ-orthogonal to the derived algebra of g and the
right translations by the flow of X preserve the left invariant metric γ.
4 Structures on tangent bundles
In this section we discuss some almost symplectic structures on a tangent
bundle M = TN
π
→ N , where N is an n-dimensional manifold. For the
geometry of tangent bundles we refer the reader to [14]; a brief survey can
be found in [12].
On M one has the tangent structure tensor field S ∈ End(TM),
(4.1) S
∂
∂xi
=
∂
∂yi
, S
∂
∂yi
= 0,
where (xi), i = 1, ..., n, are local coordinates on N and (yi) are vector coordi-
nates with respect to the bases (∂/∂xi) (equations (4.1) are invariant under
coordinate changes on N).
One has two intrinsic lift operations from N to M . Firstly, there exists
a unique homomorphism of real tensor algebras V : Tx → Ty (x ∈ N, y ∈
π−1(x)) such that
(4.2) V (1) = 1, V (α) = π∗α, V (X) = SX ,
where α ∈ T ∗xN,X ∈ TyM,π∗X = X . This homomorphism is called the
vertical lift and, instead of the notation of (4.2), the images will be denoted
by an upper index v. Namely, one has
Θv(X1, ...,Xq, λ1, ..., λp) = Θ(π∗X1, ..., π∗Xq, αλ1, ..., αλp),
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where Xi ∈ TyM,λi ∈ T
∗
yM and αλ ∈ T
∗
xN is characterized by αλ(X) =
λ(SX ) with X,X like in (4.2). If Θ is a form, then, Θv = π∗Θ. The name
comes from the fact that V (TxN) = S(TxM) = Vy, where V is the tangent
bundle of the fibers of M , usually called the vertical bundle.
Secondly, there exists a homomorphism C of real linear spaces, with im-
ages denoted by an upper index c, from the space of tensor fields of type
(p, q) on N to the similar space on M , called the complete lift, such that
(4.3) (P ⊗Q)c = P c ⊗Qv + P v ⊗Qc
and which is defined on functions, vector fields and 1-forms in the following
way. If f ∈ C∞(N),
f c(y) = y(f) = yi
∂f
∂xi
, (y ∈M).
If X ∈ ΓTN , Xc is the tangent vector field of the lifted flow (exp tX)∗; in
local coordinates the complete lift is given by
X = ξi(xj)
∂
∂xi
, Xc = ξi
∂
∂xi
+ yj
∂ξi
∂xj
∂
∂yi
.
If α is a 1-form on N then
αc(Xv) = (α(X))v, αc(Xc) = (α(X))c,
which, in local coordinates gives
α = αi(x
j)dxi, αc = yj
∂αi
∂xj
dxi + αidy
i.
Now, let us assume that N has an almost symplectic structure
σ =
1
2
σij(x
k)dxi ∧ dxj.
Then, we have the following results.
Proposition 4.1. The complete lift σc is an almost symplectic structure on
M . If Xf is a σ-Hamiltonian vector field on N (f ∈ C
∞(N)), then, the
complete lift Xcf is σ
c-Hamiltonian for the function f c ∈ C∞(M). If the Lie
group G has a σ-Hamiltonian action on N with an equivariant momentum
map Φ, then, the differential of this action is a σc-Hamiltonian action of G
on M , which has the equivariant momentum map Φc.
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Proof. Using (4.3) and the local coordinate expressions of f c, Xc, αc, we get
σc =
1
2
yk
∂σij
∂yk
dxi ∧ dxj + σijdx
i ∧ dyj,
which proves the first assertion. Furthermore [14], it is known that ∀X ∈
ΓTN,Θ ∈ Ωs(N), one has
(4.4) (dΘ)c = d(Θc), (i(X)Θ)c = i(Xc)Θc, LXcΘ
c = (LXΘ)
c.
The remaining assertions of the proposition are straightforward consequences
of (4.4) used for X = Xf ,Θ = σ. The infinitesimal transformations of G on
M are the complete lifts of the infinitesimal transformations on N . The
complete lift of a function extends to vector valued functions, which gives
the meaning of the complete lift of the momentum map. Notice that, if used
for open neighborhoods in N , the proven results show that the complete lift
of a locally σ-Hamiltonian, vector field is a locally σc-Hamiltonian, vector
field.
In order to obtain other interesting almost symplectic structures on tan-
gent bundles we shall assume that N is endowed with a (pseudo-)Riemannian
metric γ and that a choice of a horizontal bundle H was made, i.e., we have
a decomposition
TM = H⊕V.
Then, we also have the horizontal lift (X ∈ TxN) 7→ (X
h ∈ TyM) defined by
the conditions Xh ∈ Hy, π∗X
h = X . This lift also extends to tensors [14].
On M , we define an almost symplectic form ω associated to (γ,H) by
ω|H = 0, ω|V = 0 and
ωy(X ,Y) = −ωy(Y ,X ) = γπ(y)(X, Y ),
for X = Xh, Y = Y v, y ∈M, X, Y ∈ Tπ(y)N .
We shall also need the associated metric on M by the equalities
g(Xh, Y h) = g(SXh, SY h) = γ(X, Y ) = ω(Xh, SY h), g(Xh, Y v) = 0.
The tensors ω, g may be expressed by means of local coordinates as follows
[9]. V has the local bases ∂/∂yi and H has the bases given by the horizontal
lifts of ∂/∂xi:
(4.5) Xi =
∂
∂xi
− tji (x
k, yl)
∂
∂yj
,
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where −tji are the coefficients of the non-linear connection H. The annihila-
tors of V,H have the corresponding dual bases
(4.6) dxi, θi = dyi + tijdx
j .
With respect to these bases we get
(4.7) ω = γijdx
i ∧ θj , g = γijdx
i ⊗ dxj + γijθ
i ⊗ θj ,
where γij are the local components of the metric tensor γ.
Proposition 4.2. 1. A vertical vector field Xv is locally Hamiltonian with
respect to the structure ω associated to (γ,H) iff d(i(Xv)ω) = 0. 2. For any
function f ∈ C∞(N), the function π∗f ∈ C∞(M) is ω-Hamiltonian with the
vertical Hamiltonian vector field Xv = −♯ωd(π
∗f).
Proof. 1. Since V is ω-Lagrangian we get
(4.8) i(Xv)dω(Y v, Zv) = dω(Xv, Y v, Zv) = 0.
We also have
(4.9) i(Xv)dω(Y v, Zh) = dω(Xv, Y v, Zh) = 0.
Indeed, it suffices to check this for Xv = ∂/∂yi, Y v = ∂/∂yj , Xk) and the
result follows from (4.5), (4.6) and (4.7). The same local expressions yield
i(Xv)dω(Y h, Zh) = dω(Xv, Y h, Zh) = −d(i(Xv)ω)(Y h, Zh),
hence, d(i(Xv)ω) = 0 implies i(Xv)dω = 0 and we are done.
2. With the first conclusion proven, the only fact we still have to check
for the second conclusion is the verticality of the vector field ♯ωd(π
∗f). Since
V is ω-Lagrangian, verticality is equivalent to ω(♯ωdπ
∗f, Y v) = Y vπ∗f = 0,
∀Y v, which is true.
Remark 4.1. With the notation of Proposition 4.2, it is easy to check that
i(Xv)ω = −(♭γX
v) ◦ S and that the indicated Hamiltonian field of π∗f is
also equal to Xv = ♯g[(dπ
∗f) ◦ S ′], where g is the associated metric and
S ′ ∈ End TM is zero on H and is defined on V by the conditions
(4.10) S ′Xv ∈ H, SS ′Xv = Xv.
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Corollary 4.1. 1. With respect to the associated almost symplectic form ω,
every vertical tangent vector of M is a Hamiltonian tangent vector equal to
the point-value of a vertical, local Hamiltonian vector field. 2. The vertical,
locally Hamiltonian vector fields on M are in a one-to-one correspondence
with the closed 1-forms on N .
Proof. 1. Take y ∈ M and Zvy ∈ Vy. Locally, extend the tangent covector
i(Zvy )ωy ∈ annVy to a closed 1-form α ∈ annV. The assertion of the
corollary holds because the equation i(Zv)ω = α has a vertical solution Zv
that equals Zvy at y. 2. The mapping Z
v → α = i(Zv)ω is a bijection
ΓV → Γ(annV) and Zv satisfies the condition of part 1 of Proposition 4.2
iff the corresponding form α is the pullback of a closed 1-form of N .
In order to understand other ω-Hamiltonian conditions we will use the
associated metric g. Since H ⊥g V we have the so-called second canonical
connection [9] defined by
DXhY
h = prH∇XhY
h, DXhY
v = prV[X
h, Y v],
DXvY
h = prH[X
v, Y h], DXvY
v = prV∇XvY
h,
where ∇ is the Levi-Civita connection of g.
Connection D is characterized by the preservation of H and V, by the
preservation of g|H, g|V along H,V and by the following expression of the
torsion:
TD(Z1, Z2) = −prV[prHZ1, prHZ2] = −RH(Z1, Z2), Z1, Z2 ∈ ΓTM,
where RH denotes the Ehressmann curvature of the distribution H seen as
an Ehressmann connection.
On the other hand, we recall the following general expression of the ex-
terior differential of a 2-form ω by means of a connection D:
dω(X, Y, Z) =
∑
Cycl(X,Y,Z)
[DXω(Y, Z) + ω(TD(X, Y ), Z)].
Now, we will prove the following proposition.
Proposition 4.3. Let f ∈ C∞(M) be a first integral of the horizontal dis-
tribution H. Then, gradg f = ♯gdf is a vertical vector field, hence, X
h =
−S ′gradg f is horizontal. Furthermore, if: 1) X
h belongs to the kernel of
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the Ehressmann curvature RH and 2) X
h is g-orthogonal to the image of RH,
then f is a Hamiltonian function with the horizontal Hamiltonian vector field
Xh.
Proof. S ′ is defined by (4.10). We begin by discussing conditions ensuring
that a horizontal vector field Xh is a local-Hamiltonian field. Since dω is
skew-symmetric and only the point-values of the arguments count, equalities
(4.8), (4.9) and part 1 of Corollary 4.1 yield
i(Xh)dω(Y v, Zv) = 0, i(Xh)dω(Y h, Zv) = 0.
On the other hand, using the definition of the connection D and the expres-
sion of its torsion , we get
i(Xh)dω(Y h, Zh) = −
∑
Cycl(X,Y,Z)
ω(RH(X
h, Y h), Zh).
Then, using the relation between ω and g included in the definition of g,
we see that any horizontal vector field Xh that satisfies conditions 1), 2)
stated in the proposition also satisfies the condition i(Xh)dω(Y h, Zh) = 0,
therefore, we have i(Xh)dω(Y, Z) = 0, Y, Z ∈ ΓTM .
Furthermore, for the horizontal vector Xh we have i(Xh)ω = (♭g(SX
h).
Thus, in order to have a horizontal, locally Hamiltonian vector field we must
add the condition d[(♭g(SX
h)] = 0, equivalently, SXh = −♯g(df)for some
local differentiable functions f .
Now, we translate the previous conditions into conditions that charac-
terize ω-Hamiltonian functions with a horizontal Hamiltonian vector field.
Firstly, we have to ask the vector field gradgf to be vertical, which ensures
the existence of a horizontal field Xh such that SXh = −♯g(df). This hap-
pens iff f is a first integral of the horizontal distribution H. Then, if we also
ask the corresponding field Xh to satisfy conditions 1), 2), f is Hamiltonian
with Hamiltonian field Xh. This completes the proof of the proposition.
We shall end by stressing the following point: the results concerning the
horizontal case may be used for any vector field X onM that is never vertical
(thus, never zero as well), for instance, for the complete lift of a tangent vector
field of N without vanishing points.
Indeed, let us denote by {X} the line spanned by X . Then,
V ∩ {X}⊥ω = (V⊕ {X})⊥ω
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is an isotropic subbundle of rank n− 1 and, by a well known result of sym-
plectic geometry (e.g., [10], Theorem 2.2.4), there exist isotropic subbundles
S of rank n− 1 such that
TM = [(V ∩ {X}⊥ω)⊕S]⊕⊥ω Π.
Above, ⊕⊥ω denotes the direct sum of symplectic, ω-orthogonal subbundles
and Π is any complementary subbundle of V∩ {X}⊥ω in V⊕ {X} with ω|Π
non degenerate. Of course, we may choose Π such that X ∈ Π and, then,
H¯ = S⊕ {X} is ω-Lagrangian and such that TM = H¯⊕V.
It is easy to check that the almost symplectic structure ω is also associ-
ated to the pair (γ, H¯), but, the associated metric g is replaced by a metric
g¯. Proposition 4.3 and the connected results may be used for the second
canonical connection of the metric g¯.
Moreover, we do not have to start with the pair (γ,H), and we may apply
Propositions 4.2, 4.3 for any almost symplectic structure ω on M = TN
such that the vertical subbundle V is Lagrangian. We just have to choose
an auxiliary Lagrangian subbundle H that is complementary to V and an
auxiliary metric γ on N .
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